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ABSTRACT
We present the one-loop scalar field effective potential for the N = 2 supersymmetric
nonrelativistic self-interacting matter fields coupled to an Abelian Chern-Simons
gauge field and for its generalization when bosonic matter fields are coupled to
non-Abelian Chern-Simons field. In both models, Gauss’s law linearly relates the
magnetic field to the matter field densities; hence, we also include radiative effects
from the background gauge field. We compute the scalar field effective potentials in
two gauge families, a gauge reminiscent of the Rξ-gauge in the limit ξ → 0 and in
the Coulomb family gauges. We regularize the theory with operator regularization
and a cutoff to demonstrate that the results are independent of the regularization
scheme.
1. The models.
1.1. N = 2 supersymmetric nonrelativistic Chern-Simons model
The first model we consider is composed of self-interacting scalar field and
fermionic field coupled to an Abelian Chern-Simons gauge field 1 [diag η = (+,−,−)]
S =
∫
dtd2x
{κ
2
(∂tA)×A− κA
0∇×A+ iφ∗(∂t + iA
0)φ+ iψ∗(∂t + iA
0)ψ
−
1
2
|Dφ|2 −
1
2
|Dψ|2 +
1
2
B|ψ|2 −
λ1
4
(|φ|2)2 − λ2|φ|
2|ψ|2
}
(1.1)
where D = ∇ − iA is the covariant derivative and B = ∇ ×A is the magnetic field.
Note that the fermionic field is non-minimally coupled to the gauge field through the
Pauli term. We have omitted the mass parameter since in nonrelativistic systems,
it is always possible to set it equal to unity. [We use a vector notation: in the plane
the cross product is V×W = ǫijV iW j, the curl of a vector is ∇×V = ǫij∂iV j, the curl
of a scalar is (∇ × S)i = ǫij∂jS and we shall introduce the notation
(
A × zˆ
)i
= ǫijAj.
The notation x = (t,x) will also be used unless stated otherwise.]
∗ Talk given by M.L. at the MRST94 Conference, “What Next? Exploring the Future of High Energy
Particle Physics”, McGill University, Montreal, Canada, May 1994.
The system (1.1) enjoys several invariances at the classical level. The system is
Galilean, conformal, gauge invariant 2,3 and N = 2 supersymmetric when λ1 = − 2κ
and λ2 = 34λ1
1. At those values of the coupling constants, the model admits static
self-dual (soliton) solutions 3.
1.2. Nonrelativisitic non-Abelian Chern-Simons model.
The second model we consider is a self-interacting scalar field coupled to SU(2)
non-Abelian Chern-Simons gauge fields, which generalizes the above system
S =
∫
dtd2x
{
−κǫαβγTr(Aα∂βAγ +
2
3
AαAβAγ) + iφ
†Dtφ−
1
2
|Dφ|2 −
λpqrs
4
φ†pφ
†
qφrφs
}
(1.2)
where the gauge fields belong to the su(2) Lie algebra Aµ = i
Aaµτ
a
2 , and Dt = ∂t+ iA
a
0
τa
2
and D = ∇ − iAa τ
a
2 are the time and space covariant derivatives respectively. φp is
the two component nonrelativistic scalar field, p = 1, 2. The self-interaction coupling
constants satisfy λpqrs = λqpsr since the fields are bosonic and λ∗pqrs = λrspq for the
Lagrangian to be real. τa are the Pauli matrices which satisfy the usual commutation
relations [ τ
a
2 ,
τb
2 ] = ǫ
abc τ
c
2 and trace relation Tr
(
τa
2
τb
2
)
= 12δ
ab.
Again, the system (1.2) enjoys the Galilean and conformal symmetries but we
speak of “gauge invariance” only when a special quantization condition holds for
the Chern-Simons coupling constant 4πκ = const. 4 and if
λ1111 = 2λ1212 = λ2222 ≡ λ . (1.3)
As above, self-dual (soliton) solutions exist in this model 5.
Our goal is to compute the scalar field effective potentials for both nonrelativistic
Chern-Simons matter systems using a functional method 6,7.
2. Scalar field effective potential for the Abelian model.
One can ask whether any of the classical symmetries survive the quantization
of the theory. Furthermore, one can wonder if the self-dual solutions are stable
or even if there are any modifications to the form of the potential. Many methods
have been constructed to assess those effects. For example, the well-know Feynman’s
diagrammatic or the functional methods have been useful in such studies. Here, we
will concentrate on the latter method to compute the effective potentials for both
models.
The effective potential method starts with the definition of a new shifted action 8
Snew = S
{
φ(x) = ϕ+ π(x);ψ(x);Aµ(x) = aµ(x) +Qµ(x)
}
(2.1)
− S
{
ϕ, aµ(x)
}
− terms linear in quantum fields,
where we shift the scalar field by a constant field and we shift the gauge field by
a solution to the classical equations of motion for the electromagnetic fields. To
maintain consistency with Gauss’s law, which relates linearly the magnetic field to
the matter field, we need to choose a background gauge field aµ(x) such that the
magnetic field is constant throughout the plane. We set a(x) = −B2 x × zˆ =
ϕ∗ϕ
2κ x × zˆ
where B is the constant magnetic field. Such a choice is also consistent with the
electric field equation of motion if a0(x) = − (ϕ
∗ϕ)2
4κ2 x
2. The fermionic field is not shifted
because we consider only quantum corrections to the scalar field effective potential.
Note however, that this solution for the background vector potential and with a
constant ϕ does not provide a solution to the equation for the matter sector unless
ϕ = 0.
Next, one chooses a gauge-fixing condition. We performed the calculation with
a Coulomb-gauge LG.F. = 12ξ (∇ · Q)
2 for arbitrary ξ and with an Rξ-gauge LG.F. =
1
2ξ
[
∇ ·Q+ iξϕπ∗
] [
∇ ·Q− iξϕ∗π
]
(in the ξ → 0 limit). The second one turns out to be
the most efficient gauge-fixing condition since it cancels unwanted cross terms. The
shifted action then becomes (Rξ-gauge)
S =
∫
dt d2x
{κ
2
(∂tQ)×Q− κQ
0∇×Q+
1
2ξ
(∇ ·Q)2 −
ρ
2
Q ·Q
+ iπ∗(∂t + ia
0)π −
1
2
|Dπ|2 −
λ1
4
(
ϕ2(π∗)2 + 4ρ|π|2 + (ϕ∗)2(π)2
)
+
ξ
2
ρ|π|2
+ iψ∗(∂t + ia
0)ψ −
1
2
|Dψ|2 − λ2ρ|ψ|
2 +
B
2
|ψ|2
+ c∗(−∇2 + ξρ)c+ J0Q0 + J ·Q
}
(2.2)
with ρ = ϕ∗ϕ, J0 = −[ϕ∗π + π∗ϕ] and J = aJ0. The c-field term is the ghost com-
pensating term arising from the choice of gauge-fixing condition. After a change of
variable, we can write the shifted action in a form readily integrable
∫
dtdt′d2xd2x′
{1
2
π∗a(x)D−1ab (x− x
′)πb(x′)
+
1
2
ψ∗a(x)S−1ab (x− x
′)ψb(x′)−
1
2
Q′
µ
(x)∆−1µν (x− x
′)Q′
ν
(x′) (2.3)
+ c∗(x)P−1(x − x′)c(x′) +
1
2
Jµ(x)∆µν (x− x
′)Jν(x′)
}
Upon performing the path integrals, we find the effective action to be
Γeff = S(ϕ, a
µ(x)) +
i
2
lnDet{D−1ab +Mab} − i lnDetS
−1
ab +
i
2
lnDet∆−1µν − i lnDetP
−1 (2.4)
where the matrices are easily found from Eq.(2.2) and the presence of the Mab
matrix is due to the mixing between matter and gauge fields.
We now discuss the structure of the perturbative expansion. The effective po-
tential is related to the effective action by Veff
∫
d3x = −Γeff when defined on constant
background fields. In the present case, the background gauge field aµ(x) is space-
dependent; hence, we cannot use directly the functional method of Jackiw. We
adopt the following strategy. We will compute the effective action by factoring out
a matrix that is background gauge field independent and perturbatively expand the
gauge field dependent part in powers of small coupling constants λ1 ≪ 1, κ−1 ≪ 1
(recall that a0 ∼ ρ
2
κ2
and a ∼ ρ
κ
). The computation is up to O(ρ3) because each term
of O(ρ3) is either of O(λ31), O(
λ2
1
κ
) or O( 1
κ3
). Therefore, for the rest of the paper, we
will use the terminology O(ρ3). We do not introduce the parameter λ2 in these ex-
pressions for simplicity since λ2 does not enter the scalar field effective potential, as
we will see below. Thus, as again we will see, we need only to consider 1-point or
2-point functions in background gauge fields that contribute to the effective action.
The gauge-independent part will be treated following Jackiw’s method. We will
also take the special limit over the gauge parameter ξ → 0. In this limit ln det∆−1 = 0
and ln detP−1 = 0.
The contributions from the gauge field aµ(x) can be obtained by factorization,
for example, lnDet
(
D−1 +M
)
= TrLn
(
Θ−1
(
1 + ΘX
))
and then the Ln(1 + ΘX) can be
expanded in power of X, which is gauge field dependent. Upon doing this, we find
that all contribution from aµ vanishes to the order considered. Thus, we are left
only with matter contributions
Veff = −
Γeff∫
d3x
= V0(ρ)−
i
2
∫
d2p
(2π)2
dω
2π
ln
1
µ′4
{
−ω2 +
(p2
2
+ λ1ρ
)2
+
(
−
λ21
4
+
1
κ2
)
ρ2 +O(ρ3)
}
+ i
∫
d2p
(2π)2
dω
2π
ln
1
µ′4
{
−ω2 +
(p2
2
+ λ2ρ−
1
2
B
)2}
(2.5)
where the first integral comes from the bosonic integration, while the second integral
comes from the fermionic integration.
We pose for a moment to notice that so far, no regulator has been used. In fact,
divergences occurs only in the matter sector. We have performed the regularization
of the expression in Eq.(2.5) with a cut-off and operator regularization 6. The
result is the same whether one uses the former or the latter. We present here the
result using operator regularization. The basic ingredient is the regularization of
the logarithm
Tr lnH = − lim
s→0
d
ds
Tr
1
Γ(s)
∫ ∞
0
dt ts−1
{
e−H0t + e−H0t(−t)HI + e
−H0t
(−t)2
2
H2I + . . .
}
(2.6)
Upon making the identification H0 =
[
−ω2 +
(
p
2
2 + λ1ρ
)2]
/µ′4 and HI =
(
−
λ2
1
4 +
1
κ2
)
ρ2/µ′4 for the boson, and H0 =
[
−ω2+
(
p
2
2 +λ2ρ−
1
2B
)2]
/µ′4 for the fermion, dropping
an unimportant const.ρ2-term coming from the first term in Eq. (2.6), computing
the one-pts function, evaluating the energy/momentum integrals, and imposing the
normalization condition d
2
dρ2
Veff |ρ=µ2 =
1
2λ1(µ), we find to O(ρ
3) in the ξ → 0 limit the
result
Veff(ρ) =
1
4
λ1(µ)ρ
2 +
h¯
32π
(
λ1(µ)
2 −
4
κ2
)
ρ2
(
ln
ρ
µ2
−
3
2
)
. (2.7)
3. Scalar field effective potential for the non-Abelian model.
We follow the same procedure used in the above section to compute the effective
potential in the non-Abelian model. In the action (1.2), we shift the scalar field by
a constant but this time the gauge field also can be shifted by a constant since the
classical equation of motion for the electromagnetic field can be solved by a constant
gauge field 9. In fact, for λ = −5/16κ even the equation of motion for the scalar field
is satisfied without having to resort to a vanishing scalar field. In such a choice
of background gauge field, only global gauge invariance is retained and again it is
sufficient to gauge-fix the action with LG.F. = (1/2ξ)(∇·Qa+ i2ξπ
†τaϕ)(∇·Qa− i2ξϕ
†τaπ).
After writing the shifted action, adding the gauge-fixing term and compensating
ghosts, one can integrate over the three gauge fields one after the other and ghost
fields easily, since the form of the operators in the determinants are diagonal in
Fourier space. We find that the ghost contribution cancels against one contribution
coming from the gauge field integration, which is the pure background gauge field
dependent part. The other contribution coming from the gauge field integration
modifies the matter sector. Again, performing the integration over the matter
fields and regulating via operator regularization (or a cut-off), we find to O(ρ3) in
the ξ → 0 limit and after (re)normalization
Veff(ρ, a
a
µ) =
1
4
ρ2λ(µ) +
h¯
32π
(
λ2(µ)−
4
κ2
3
16
)
ρ2
(
ln
ρ
µ2
−
3
2
)
. (3.1)
4. Summary
We have computed the scalar field effective potential for matter fields coupled
to Abelian or non-Abelian Chern-Simons gauge field including radiative corrections
from a background gauge field consistent with Gauss’s law. In both models, we
choose to gauge-fix with an Rξ-gauge in the limit ξ → 0 or with a Coulomb gauge with
arbitrary ξ and we regulate divergences of the matter sector either with operator
regularization or with a cut-off. We find that the answer is independent of the
gauge-fixing condition and independent of the regulator used. Our results agree
with the ones found in the literature 10−13.
Note that no ultraviolet divergences occur in the course of the evaluation of the
effective potentials as it is expected from using operator regularization; however,
when a cut-off is used we need to renormalize the theory with adequate counter-
terms. Our results Eq. (2.7) and Eq. (3.1) are independent of the background gauge
fields and the fermions do not contribute to the effective potential in the Abelian
model. As a spin-off of our calculation, we find no infinite nor finite renormalization
of the Chern-Simons coupling constant in both models 7.
Finally, both models experiences radiative conformal symmetry-breaking for un-
related coupling constants. The β-function can be read from the renormalization
group equation and we find
β(λ(µ)) =
1
4π
(
λ2(µ)−
4
κ2
α2
)
(4.1)
where the subscript 1 has been dropped for the Abelian case and the group factor
α2 is 1 for the Abelian model and 3/16 for the non-Abelian model. Notice that
in both models the conformal symmetry is restored upon choosing the self-dual
critical point.
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